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Let G be any 3-connected graph containing n vertices and r the radius of G. 
Then the inequality r ( fn + O(log n) is proved. A similar theorem concerning any 
(2m - I )-connected graph G can be proved too. 
Let G(3E, U) be a simple 3-connected graph containing n = (X / vertices. 
We denote by d(X, Y) the usual distance between the vertices X and Y. A 
vertex Z E X is a centre of G if 
Obviously such a centre exists in G. The number r = r(G) = maxXEX d(Z, X) 
is the radius of G. 
Let Z be a fixed centre of G. We consider the following set of vertices: 
F(i):= (XEX:d(X,Z)=i}. 
It is easy to see that 
F(O) = PI, 
I W-l > 1 since r is the radius of G, 
F(i) = 0 if i>r, 
IF(i)I > 3 if 1 < i < r - 1 since G is 3-connected. 
By this we get the trivial relation 
r<f(n+ 1). 
We shall prove the following 
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THEOREM I. Let G be a 3-connected graph containing n vertices rrirh 
the radius r. Then the inequality 
r i $11 + O(log n) 
holds. 
To prove this theorem we shall show 
The number z of classes F(i) with IF(i)1 = 3 is smaller than 
C . log n with a convenient constant C. 
Proof of Theorem 1. Let us suppose that there are two integers i and e 
with l<i, 2,<e, i+e<r and lF(i)l=JF(i+e)(=3. (We do not exclude 
that there exists an a with i < a < i t e and IF(a)] = 3.) 
Let 
V :=F(i) = (P,, P,, P3} 
C~:=F(ite)= {Ql,Q,,Q,} 
e-1 
% := U F(i t a). 
a=l 
Because of 2 < e we have R # 0. 
LEMMA 1. For ati,vjE {1,2,3] there exists a kE (1,2,3}, kfj with 
d(P,, P,J < 2e. 
Proof of Lemma 1. Let us suppose that Lemma 1 is not true. Without 
restriction of the generality let 
2e + 1 < d(P,, P2), 
2e+ 1 <d(P,,P,). 
(0) 
We denote by @f, ti) the graph induced by all the vertices X with X E ‘@ U 
a u %. 
Furthermore we define 
YJI:=(XER:d(P,,X)<e}, 
‘%:=(XE3E:d(P,,X),<eord(P,,X)<e). 
Obviously, 
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and because of (0) 
mnn=0. (1) 
We have 9JI # 0 (and !I # 0) since otherwise G can be separated by 
removing the two vertices P, and P, (or the vertex P,, resp.), in 
contradiction to the 3-connectedness of G. 
If there is an edge (X, Y) E n with X E 9lI and YE Ill, then X E D and 
YE 8 since otherwise a path from P, to X, then to Y and back to P, or P, 
would contradict (0). 
In proving Lemma 1 we distinguish the four cases 
/!JJlnQl=j, j=O, 1,2,3. 
1. j = 0: There is no edge (X, Y) with X E !UI, YE 92. Therefore, G can 
be separated by removing the only vertex P,, in contradiction to the 3- 
connectedness of G. 
2. j= 1: Let (Q,} = YJI n CI, and we can separate G by removing the 
two vertices P, , Q,, contradiction! 
3. j=2: Let {Q,,Q,}=mna. Then we have Q,EiRnC1 and we 
can separate G by removing the two vertices P,, Q3, contradiction! 
4. j=3: We can treat this case analogously to case 1 and G can be 
separated by removing the vertex P,, contradiction! 
This completes the proof of Lemma 1. 
Since the set Cp consists of exactly 3 vertices, we obtain 
LEMMA 2. There is a vertex P E 73 (we denote it by P,) with d(P, Pi) = 
d(P,, Pi) < 2e, j = 1,2,3. 
Now we will ask for lower bounds for the distance e ;s 2 between two 
classes F(i) and F(i + e) with IF(i)/ = lF(i + e)l = 3. 
LEMMA 3. Let i and e be integers with 1 < i, 2 << e and jF(i)( = 
1 F(i + e)/ = 3 and r the radius of G. 
If i < r/2 then we have i/2 < e; 
if r/2 < i then we have (r - i)/2 < e. 
Proof of Lemma 3. Since r is the radius of G for any vertex X’ E 3E there 
exists a vertex YE fi with r < d(X’, y). 
1. We consider the case i < r/2. 
Let X’ = P, (see Lemma 2). 
We define the graph G,(3E,, U,) induced by all vertices X E 3E with 
d(Z, X) < i and the graph G,(X,. U,) induced by all vertices X E X with i < 
4-C Xl. 
We distinguish two cases: 
1.1. YEI,. 
Because of d(Z, Y) < i - 1 and d(Z, P,) = i we get r < d(P, . Y) < 2i - 1 < 
Y - 1, contradiction! 
1.2. YE x,. 
According to Lemma 2 we get r < d(P, , Y) < 2e + (r - i) = r t 2e - i and 
we obtain 2e - i > 0. 
This completes the first part of the proof of Lemma 3. 
2. Let i > r/2. 
Let us consider a shortest path W = (Z = A,, A I ,..., A i = P,) connecting Z 
and P, and in it the vertex X’ = A ,- i. 
2.1. YEX,. 
Let I be the length of a shortest walk connecting FI,-~ and Y through Z. 
Then we obtain r < d(,4-i, Y) < I< r - i t i - 1 < r, contradiction! 
2.2. YE 3,. 
According to Lemma 2, Y is attainable from A,-, through P, on a walk of 
length<i-(r-i)t2et(r-i),thereforer<d(A,-,,Y)<2eti. 
This completes the proof of Lemma 3. 
Let i, <i, < *** < i, and k, > k, > ... > k, with i, Q r/2 and k, > r/2 be 
the indices for which fF(ij)l= 3 and ]F(kJ = 3. By Lemma 3 iltz > 3/2i, and 
k,-, > (I + k,)/2, hence t = O(1og r) = O(log n) and s = O(log r) = O(log n). 
We obtain z = O(log n). Let us now estimate the number n of vertices in 
terms of r: 
Denoting by aj the number of classes F(i) with the property 1 F(i)1 = j we 
obtain 
Except F(0) at most F(r) has less than three elements and we obtain n > 
4r - 6 - a3 and after a simple estimation 
r < jn + O(log n). 
This completes the proof of Theorem 1. 
Remark. There exists a sequence (G,} of 3-connected graphs on n > 6 
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FIGURE 1 
vertices and the radius r > n/4. (For even n see Fig. 1 (n = 48.) If n is odd 
we add a vertex D and join D with A, B, C by an edge.) That means n/4 is 
best possible. 
In a similar way we can prove 
THEOREM 2. Let m be any integer and G, any (2m - 1)-connected 
graph containing n vertices. Then for the radius r,,, of G, the inequaiity 
r,<$n+O(logn) 
holds. 
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